In this paper we recover Bousfield's computation of ν1periodic homotopy groups of simply connected, finite H-spaces from [Bou99] using the techniques of Goodwillie calculus. This is done through first computing André-Quillen cohomology over the monad T that encodes the power operations of complex K-theory. Then lifting this computation to computing K-theory of topological André-Quillen cohomology, and then using results of Behrens and Rezk relating it back to the Bousfield-Kuhn functor.
Introduction
Famous results of Quillen [Qui69] and Sullivan [Sul77] tell us that we can model the homotopy theory of 1-connected rational spaces as either differential graded Lie algebras, or differential graded commutative algebras. We can translate between the two models when X is a 1-connected finite space, by
where AQ * is André-Quillen cohomology, and Λ X is a strictly commuting model for C * (X; Q). A natural question is to the extend this to more general spaces. It is a result of Mandell [Man01] that the analogous statement fails for p-completed spaces.
In stable homotopy theory rational localization fits into chromatic homotopy theory as the height zero case. The unstable picture is a bit more complicated, but we do have the notion of chromatic localization of the category of spaces. In work to appear, Heuts [Heu18] showed that ν h -periodic spaces are equivalent to ν h -periodic Lie algebras of spectra. In the same article it is shown that ν h -periodic commutative algebras of spectra fail to model ν h -periodic spaces. The failure comes down to the failure of the ν h -periodic Goodwillie spectral sequence to converge.
If the ν h -periodic Goodwillie spectral sequence converges for a space X, we follow [BR17b] , and say that the space is Φ h -good. Here Φ h is the Bousfield-Kuhn functor at height h (see [K + 08] for an overview). In [Kuh07] Kuhn interpreted the computation of Arone and Mahowald in [AM99] to say that the spheres are Φ h -good for all h.
Behrens and Rezk [BR17a] showed that the convergence of the Goodwillie tower is equivalent statement of Φ h (X) → T AQ(S X K(h) ) being an equivalence, where K(h) is the height h Morava K-theory spectrum, and S X is the Spanier-Whitehead dual of X as a ring spectrum. In [BR17b] the authors further gave a class of spaces that are Φ h -good for all h.
In this current paper the author will focus on height h = 1, at an odd prime p. The ν 1 -periodic homotopy groups of many spaces were computed by a number of authors using various methods (see [Dav95] for an overview). Here we will focus on recovering the result of Bousfield in [Bou99] concerning the computation of ν −1 1 π * for 1-connected H-spaces, using Goodwillie calculus, and as a result we will conclude that all 1-connected H-spaces are Φ 1 -good. Our computation of differentials in the ν 1 -periodic Goodwillie spectral sequence enhances our understanding of the unlocalized Goodwillie spectral sequence of these spaces.
The structure of the paper is as follows: Section 2 primarily contains the definitions needed. Section 3 recalls the definition of the monad T, and its connection to the commutative operad. Section 4 proves certain differentials in the T spectral sequence. Section 5 lifts the differentials from the T spectral sequence to the T AQ spectral sequence. Finally, section 6 puts these pieces together and recovers a theorem of Bousfield, and concludes that the class of spaces it pertains to are all Φ 1 -good.
Background material
Throughout the paper, all spectra are completed at an odd prime p. We will need a good symmetric monoidal category of spectra, so take spectra to mean the category of symmetric spectra as developed in [HSS00] . When E is a commutative ring spectrum, then let E − mod denotes the category of E-modules.
2.1. Operad and monad cohomology, and some spectral sequences. For the purpose of this paper an operad is symmetric and reduced. So for an operad O in a symmetric monoidal category C, we have O(n) is a Σ n -object, O(0) = * , and O(1) is the monoidal unit.
We call F O the monad associated to O, and F O (A) the free O-algebra on A.
Note the fact that O is assumed reduced means that F O is augmented as a monad. For the original definitions and a more in depth discussion see [Bas99] , [BM11] , and [Har10] .
In the category of spectra we can use the grading of F O by arity for an operad O to compute topological André-Quillen cohomology of an O-algebra. Definition 2.3. We define inductively
This induces a filtration of the monadic bar construction, which we denote
Let B(1, F O , A)[= k] denote the associated quotients.
Remark 2.4. If O is an operad in spectra, and A is an O algebra, then there is a spectral sequence:
Natural in both A, and O. We will call this spectral sequence the T AQ O spectral sequence.
Definition 2.5. If O is an operad of spectra then define
The dp stands for divided powers. If we replaced homotopy fixed points with actual fixed points we get a monad (alternatively one could work in an infinity category, and get a homotopy coherent monad), which in the algebraic setting for the commutative operad encodes divided powers [Fre00] .
Recall that if O is a reduced operad, then it is an augmented monoid in the category of symmetric sequences with respect to the composition product, see for example [MSS02] . Thus we can form the operadic bar construction, which is again a symmetric sequence B(O). B(O)(n) can be constructed as the space of rooted trees with n leaves, with lengths of edges, and labels on the internal vertices coming from O, see [Chi05] .
Definition 2.6. If A ∈ C and M : C → C an augmented monad, with augmentation ǫ : M → 1. Then define A is the M-algebra with the trivial action, i.e., the algebra on A with structure map M(A)
In [Chi05] Ching showed that for an operad in spaces or spectra, the bar construction B(O) is an cooperad, and its Spanier-Whitehead dual is therefore an operad. This operad is called the Koszul dual of O.
Definition 2.7. If O is an operad of spectra, we define KO to be its Koszul dual operad in the sense of [Chi05] .
From [Fre04] we know that a similar story can be told for operads of chain complexes over a ring. By abuse of notation we give the following definition.
Definition 2.8. If O is an operad of chain complexes, we define KO to be its Koszul dual operad in the sense of [Fre04] . Let C be a symmetric monoidal category with monoidal product ⊗ and unit ½, and suppose also that C admits finite coproducts (denoted ⊕, with initial object 0), and that ⊗ distributes over coproducts. For convenience, we also assume that inclusions of direct summands are always monomorphisms in C. From [Rez12] we have the following definition.
Definition 2.11. By an exponential monad, we mean a monad M : C → C equipped with natural isomorphisms
where ζ is a natural transformation of functors C × C → C, with the property that (ν, ζ) makes M : C ⊕ → C ⊗ into a strong symmetric monoidal functor. Furthermore, we require that every M-algebra, A, is naturally a commutative monoid object, with unit
and multiplication
The canonical example of an exponential monad is the free commutative algebra monad on the category of abelian groups. 
commutes. Further the map ν should factor as
Example 2.13. If O is a model for the E ∞ operad in E − mod for a commutative ring spectrum E, then the associated monad F O (A), is a graded exponential monad when viewed as a monad on the homotopy category, with the grading given by the arity of the operad.
If M is graded exponential, then this induces a filtration on compositons of M with itself, given inductively as
This induces a filtration of the monadic bar construction on M. We denotes the filtrations B(1, M, A)[≤ k], and the quotients as
natural in both A, and M. We will call this spectral sequence the M spectral sequence.
This spectral sequence arises as the dual filtration to the filtration of B(1, M, A) coming from the exponential grading on M.
Let E h is the Lubin-Tate theory at height h, and K(h) be the height h Morava K-theory. We will be concerned with the commutative operad in the K(h)-local category, as well at in the category of K(h)-local E h -modules.
Definition 2.16. If E is a ring spectrum let E − mod denote the category of E-modules. If K is a ring spectrum such that E is K-local then let E −mod K be the category of K-completed E-modules.
Definition 2.17. Define the (reduced) commutative operads by
Where S is the sphere spectrum. For a commutative ring R, let comm alg (n) = R n > 0 0 n = 0
Lastly we have the following operad in pointed spaces
Notation 2.18. For both topological André-Quillen cohomology and André-Quillen cohomology we are going to suppress the operad (respectively the monad) from the notation when it is the commutative operad (respectively the free commutative algebra monad).
Definition 2.19. Define sLie to be the Koszul dual operad to commutative operad in either the algebraic or topological settings. If M is a R-module, we define the free shifted Lie-algebra on M with divided powers to be
we see that sLie dp (M ) is the free restricted p Lie algebra.
2.2. ν h -periodic unstable homotopy theory. From now on all our spaces and spectra are completed at an odd prime p. We will in this section summarize the results necessary to carry out our program.
Fix h, and let T denote the telescope of a ν h -self map on a type h-complex. Bousfield and Kuhn (see for example [K + 08]) constructed a functor ν −1 h π * (X) := π * Φ h (X). Remark 2.22. Note that this is what in [BR17a] are called the completed ν h -periodic homotopy groups, to distinguish them from the "uncompleted" unstable ν h -periodic homotopy groups studied by Bousfield, Davis, Mahowald, and others. These are given as the homotopy groups of the n'th telescopic monochromatic layer of Φ T .
For X a space, and E a commutative ring spectrum, we let E X be the Spanier-Whitehead dual of X in E-modules as a non-unital commutative E-algebra. In [BR17a], Behrens and Rezk constructed a map c : Φ h (X) → B(1, F comm , S X K(h) ) ∨ where for X a space, and E a commutative ring spectrum, we let E X be the Spanier-Whitehead dual of X in E-modules as a non-unital commutative E-algebra.
Definition 2.23 ([BR17b]). We say that a space X is Φ h -good if the map c is an equivalence for X.
2.3. Goodwillie Calculus. Given a functor F : T op * → C, where C is the category spaces or spectra. Assume that F preserves weak equivalences, F is finitary, (i.e., determined by its value on finite CW-complexes) and F ( * ) ≃ * . Goodwillie in [Goo03] constructed a tower of functors P n (F ) : T op * → C, under F :
Under certain conditions on both F and X, one gets an equivalence
Further the layers of the tower
and the identity if C is spectra. This implies that when the tower converges, i.e., when F (X) ≃ lim ← −n P n (F )(X), then we get a spectral sequence computing π * F (X) with input only dependent on stable information.
When F = id T op * then P 1 (id T op * )(X) = Ω ∞ Σ ∞ X, and π * P 2 (id T op * )(X) are the metastable homotopy groups, see [Mah67] . The tower thus filters the homotopy groups, starting with some classical notions. Further it was shown in [Chi05] that ∂ * (id T op * ) := {∂ n (id T op * )} n forms an operad. In the same paper it was shown that ∂ * (id T op * ) ≃ sLie, as operads.
If we think of Φ h as being a functor from spaces to K(h)-local spectra, then Φ h is finitary. It was proven in [BR17b] that P n (Φ h ) ≃ Φ h • P n . This implies that when the Goodwillie tower converges, we can calculate unstable ν h -periodic homotopy groups from stable ν h -periodic homotopy groups.
Further from [BR17a] the map c induces an equivalence
Though in general convergence fails for the Taylor tower P k (Φ h ), see [BH16] , and therefore c is in general not an equivalence. The result of [AM99] can be interpreted to say that this map is an equivalence when X is a sphere, and in [BR17b] they gave a condition on a space being build by spherical fibrations implying that it is Φ h -good.
The monad T
Recall, from [R + 09], that for X ∈ E h − mod, such that π * X is free and finetely generated as a (E h ) * -module, then there is a monad
such that π * F comm E X ≃ Tπ * X. Note that this differs from Rezk's notation where the monad he calls T has the property that π * F comm + X + ≃ Tπ * X + , where ( ) + denotes a disjoint basepoint, and where comm + is the the non reduced commutative operad, i.e., comm + (0) = E h . Lemma 3.1. If X is a space such that E * h X is a finitely generated free E * h -algebra, then there is a spectral sequence AQ * T (E * h X) ⇒ T AQ * (E X h ). Proof. This follows by the result that if E * h (X) is a finitely generated free E * h X-algebra then so is π * (F comm E (E X h )), and hence we see that
The result then follows from considering the spectral sequence resulting from the usual bar filtration of B(1, F comm E , E X h ). In [BR17a] this spectral sequence is called the Basterra spectral sequence.
Remark 3.2. From [R + 09] we know that T inherits an exponential grading such that X ∈ E h − mod, such that π * X is free and finetely generated as a (E h ) * -module, then
Note that the Basterra spectral sequence is well behaved with respect to the exponential grading of the monads F comm E and T, and hence we easily see Corollary 3.3. If X is a space such that E * h X is a finitely generated free E * h -algebra, then for all k there are spectral sequences with maps between them:
Notation 3.4. We will exclusively focus on the height h = 1 case. Let E = E 1 be the spectum representing p-completed complex K-theory, and E * , E * be its cohomology, homology respectively. Further let Φ := Φ 1 .
From [M + 83] we see that if
A is a free E * -module with a finite basis {a 1 , . . . , a n } then T(A) is the free commutative E * -algebra with basis ∞ i=0 {θ i a 1 , . . . θ i a n }, where we identify θ 0 a = a. 
Monad cohomology for T
Proposition 4.1. If X is a finite space such that E * X is a finitely generated and free E * -algebra, the spectral sequence from Corollary 3.2,
collapses for all k. Further we see that
Here sLie dp is the free E * -Lie algebra with divided powers, and θ is of degree p with respect to the exponential grading of T, and the homological degree |θ(x)| = p|x| − 1.
Before we start the proof we need to recall a result of [Bra17] .
Theorem 4.2. If X is a finite space such that E * X is a finitely generated and free E * -algebra, then the E 1 -page of the E-based Goodwillie spectral sequence for Φ, at X is given by Λ(θ) ⊗ sLie(E * X).
Proof. This follows immediately from [Bra17] Theorem 4.4.4. 
Recall that AQ * is the same as the operad homology for the algebraic commutative operad comm alg , see [LV12] section 12.1.1. From the same section it follows that AQ * (E * X) is the free Lie algebra on E * (X) with divided powers.
So it follows that the input to the Grothendieck spectral sequence is
. Note that in the spectral sequence from (2) is concentrated in degree s = 0, 1 as ∆ = Z p [θ]. The d 2 -differential is E s,t 2 → E s+2,t−1 2 , therefore we can conclude that the spectral sequence collapses and therefore H * B(1, T, E * (X)) ≃ Λ(θ) ⊗ sLie dp (E * X).
We can see from the equivalence (1) that the E-based spectral sequence for Φ at X coincides with the T AQ spectral sequence for E X . We therefore have from Theorem 4.2 know that the abutment of the spectral sequence is Λ(θ) ⊗ sLie(E * X). It is clear that both input and output of the spectral sequence of the statement of the proposition is free, and after rationalization has the same dimension. Thus there is no room for differentials, and that concludes the proof. 4.1. The operation θ. We will now give a chain level description of the θ that showed up in Proposition 4.1. Assume that M is free as a E * -module with generators x 1 , . . . x n , then
we can define an operation
We can therefore write elements of T(M ) as sums of elements of the form m x j 1 . . . 
and we see that these elements generate all of T •2 (M ). In the same way we can construct generators T •s (M ) with the names
Let B denote the normalized bar complex, then we wish to define
We wish to check that this in fact forms a chain map. The first case is s = 1, if m 1 = θ(a) then it is clear, otherwise we see that
For s > 1, and m 1 = θ(a), we have
Since m 2 = 1 then it is clear that the term −θ(a) • m 2 . . . − → m s | − → x get send to zero by Θ ∨ , and (−1) s+1 = (−1) s−1 . When m 1 = θ(a 1 ), then we know that m 1 (m 2 ) does not contain any terms of the form θ(a j ), and hence we are done. We can therefore give the following definition.
Definition 4.5. If A is a T-algebra then we have operations:
Lemma 4.6. If A is a finitely generated and free as a E * -module, then acting by Θ on AQ * T (A) coincides with multiplication by θ in Λ(θ) ⊗ sLie dp (A ∨ ). Proof. The first statement follows from checking the Basterra spectral sequence, and the second sattement is an easy check.
4.2. The bracket, and the elements of AQ T . One would hope to show that AQ * T admits the structure of a shifted Lie algebra with divided powers, unfortunately this is not clear to the author at this stage how to do this. So instead we will mimic the construction from the previous subsection.
Note that for a 1 a 2 ∈ T(E * {a 1 a 2 }), then if m 1 = a 1 a 2 , we can write
and 0 else. Here 1 : A → T(A) sends a → a. Completely analogous to the definition of Θ ∨ above we easily check that this commutes with the differentials, and thus define a chain map.
4.3. Differentials in the T-spectral sequence.
Lemma 4.10. Let A be a T-algbera, then in particular it is a commutative E * -algebra. Assume that A is free as a commutative E * -algebra, and finitely generated as a free E * -module. Then the E 2 page of the T-spectral sequence is equivalent to Q(A) ⊕ θLie dp (A ∨ ), where Q(A) is the indecomposables of A as commutative algebra.
Proof. Note that we have a map of graded exponential monads F Com Alg → T. This induces a map of spectral sequences:
Here the lower spectral sequence is the Comm-spectral sequence, which we know to converge to Q(A). We further know that it collapses on the E 2 -page, [LV12] Proposition 12.1.1. Using Lemma 4.9 and Remark 4.8 it is easy to see that all d 1 's in the T-spectral sequence are exactly the same as the d 1 's of the AQ spectral sequence. That proves the statement.
Lemma 4.11. Let A be as in the above lemma. Then we know that A ∼ = E * [x 1 , . . . x n ], assume that θ ∨ : E * {x ∨ 1 , . . . , x ∨ n } → A ∨ is injective, where θ ∨ is the dual to θ. Further assume that θ ∨ (x ∨ i ) = j λ j x ∨ j , for λ ∈ E * . Then we see that
Proof. According to Lemma 4.6 we have
. In B(1, T, A), as a chain complex, we have d(θ(a 1 )|(x)) = −θ(x), this concludes the proof.
We now wish to prove the last family of differentials in our T-spectral sequence:
Lemma 4.12. If A is as in Lemma 4.11, assume that d 1 (x) = y in the associated T-SS, then d p θx = θy.
Proof. This follows easily from us constructing Θ ∨ as a chain level operation above.
Corollary 4.13. If A is as in Lemma 4.11 then the E ∞ -page of the T-spectral sequence for A converges to Q(A)/θ.
Proof. This follows easily from running the above differentials.
Operad cohomology for Comm E
We will use Corollary 3.3 to leverage the differentials in the T spectral sequence we know, to get knowledge about the differentials of the TAQ spectral sequence.
Theorem 5.1. Assume that E * X is free as a commutative algebra, and free and finitely generated as a E * -module. This implies that E * (X) = E * [x 1 , . . . , x n ], where x i is in an odd degree. Assume further that the Talgebra structure is such that Assume that there is assume that θ ∨ : E * {x ∨ 1 , . . . , x ∨ n } → E * (X) is injective. Then the Basterra spectral sequence
collapses for all k.
Proof. We will proceed by induction on k From Proposition 4.1 we know that
collapses for all l. This gives the statement of (3) for k = 1.
Step 1. Assume now that we have statement (3) for all 1 ≤ k < p − 1. Shows that we can lift all d 1 's starting on the k-line of the T-spectral sequence to d 1 's starting on the k-line of the T AQ-spectral sequence. It now follows from Lemma 4.10 that (3) collapses for k + 1.
Step 2. We now want to show the statement for k = p. Note the above argument allows us to lift all d 1 's starting on the (p−1)-line of the T spectral sequence to the T AQ-spectral sequence. We therefore only need to lift the d p−1 -differentials from the T-spectral sequence that we found in Lemma 4.11.
Recall that we have a fiber sequence S K(1) → E ψ l −1 → E, which induces long exact sequences . . . → E * +1 (X) → ν −1 1 π * (X) → E * (X)
Recall that ψ l is a ring homomorphism with ψ l (u) = l · u. So
where ǫ = 0, 1, is, up to a unit, the same as ψ l − l m : E −ǫ → E −ǫ under the identification of E 2m−ǫ ∼ = E −ǫ . This concludes the proof.
Corollary 6.2. If X is a 1-connected H-space with H * (X; Q) associative and with H * (X; Z (p) ) finitely genrated over Z (p) , then X is Φ 1 -good in the sense of [BR17b] .
Proof. The methods presented in [Bou99] allows us to compute ν −1 1 π * X, and the answer coincides with the answer obtained from computing π * T AQ(S X K ) ∨ by means of the Kuhn filtration. Remark 6.3. Note that one can easily check that all the differentials in the T AQ spectral sequence from Theorem 6.1 commute with the map
This allows us to get a complete description of the ν −1 1 π * based Goodwillie spectral sequence for a 1-connected H-space.
One could hope that this would allow us to give differentials in the unlocalized Goodwillie spectral sequence for the same space.
A different strategy for computing E * T AQ(S X K(1) ) would be computing AQ * T (E * X), and then run the Basterra spectral sequence from 3.3. In the case of X being as in Theorem 6.1 this would have given the same answer, but not revealed anything about the Goodwillie spectral sequence.
